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Abstract—The analytical description of the topside ionosphere
included in the NeQuick model is studied in detail. First, the
modeled scale height behavior is analyzed at infinity and for the
lowest part of the topside region; in the latter case, the analysis is
done through an expansion in Taylor series near the F2-layer peak.
Moreover, the significant influence of the three NeQuick topside
parameters in the modeling of the topside profile is investigated
in detail and, in particular, it is shown that for the lowest part of
the topside the model assumes a linearly increasing trend of the
topside scale height. Second, the topside formulation is inverted to
derive a fully analytical expression of the topside scale height as a
function of the electron density and F2-layer peak parameters. This
expression has been applied to a selected and very reliable dataset
of Constellation Observing System for Meteorology, Ionosphere,
and Climate (COSMIC)/FORMOSAT-3 radio occultation profiles.
Statistical analyses strongly support the hypothesis embedded in
NeQuick regarding the linear trend of the topside scale height for
the lowest part of the topside.

Index Terms—Constellation Observing System for Meteorology,
Ionosphere, and Climate (COSMIC)/FORMOSAT-3 radio
occultation data, NeQuick model, topside ionosphere modeling,
topside scale height.

I. INTRODUCTION

THE topside part of the ionosphere extends from the height
of the F2-layer peak, corresponding to the ionospheric

electron density maximum (NmF2), to the plasmasphere [1].
Developing a reliable model of the topside ionosphere is one
of the most difficult tasks because instruments commonly used
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to probe the ionosphere, namely ionosondes, are only capable
of sounding the region below the height (hmF2) of the F2-layer
electron density peak. Probing the topside ionosphere requires
the use of more sophisticated and expensive techniques and
instruments like topside sounders [2]–[4], radio occultation (RO)
[5], and/or incoherent scatter radars (ISR) [6]–[9].

The topside is characterized by a, largely monotonic, decrease
in the electron density as the ion population smoothly transitions
from the heavy O+ ions, dominating the lower part of the F
region, to the lighter H+ and He+ ions above. This behavior is
usually described by means of monotonically decreasing ana-
lytical functions dependent on a parameter (Hp) called topside
plasma scale height [10]. An exact description of the topside
plasma scale height requires knowledge of the physical state of
the plasma in terms of temperature, chemical state, and mean
ion mass for the whole topside profile; such accurate knowledge
is, however, not currently available with the required spatial
and temporal coverage. A simpler and more practical approach
relies on the modeling of topside scale height by exploiting
measured electron density values in order to obtain the most
reliable representation of the topside vertical electron density
distribution [6], [7].

The most established ionospheric models, the International
Reference Ionosphere (IRI) model [11] and the NeQuick model
[12] are not always able to properly represent the real features
of the topside ionosphere [13]–[15]; therefore, further studies
aimed at improving their topside representation are needed [16].
A part of the debate includes the choice of the mathematical
function to use for the topside electron density vertical repre-
sentation, the most popular being the Chapman [17] or Epstein
[18], [19] families of functions [3], [20]–[22].

Since the IRI-2007 version [23], IRI has incorporated the
NeQuick topside formulation [12], [14], [24] as the recom-
mended one of its three topside options. The NeQuick topside
formulation describes the topside electron density profile by
means of a semi-Epstein layer with a height-dependent empir-
ically determined topside scale height. The NeQuick topside
scale height depends indeed on three parameters: H0, r, and g.
H0 is the scale height at the peak; r is a parameter that allows
restricting the scale height increase at higher altitudes, and g is
the height gradient for the scale height H0 [25].

Recently, Pezzopane and Pignalberi [26] proposed an im-
provement to the topside representation of the NeQuick model
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through the implementation of a new analytical formulation for
the H0 parameter used by the model to calculate the topside scale
height. To accomplish this task, they fitted the NeQuick topside
analytical function through two anchor points: the F2-layer
absolute electron density maximum and the electron density
value as measured by Swarm satellites [27], [28].

Themens et al. [29] demonstrated that the NeQuick topside
model does not succeed in capturing the curvature of the topside
at high and upper-mid latitudes. In that study and furthermore
in [30], they showed that the parameters used by the NeQuick
and IRI to model H0 are not able to fully describe the seasonal
and diurnal variability of H0 in these regions. Furthermore, they
confirmed that a revision of the choice of r and g parameters was
necessary for the application to mid- and high-latitude regions.
For their purposes, an r value of 20 and g value of 0.2024 was
found to optimally represent the curvature of the topside profile.
Also, in [29], the behavior of the topside scale height and the
roles of the r and g parameters were presented, but without
explaining in details the procedure applied to obtain the relevant
results. In this study, we will thoroughly explain the process by
which the relationships presented in [29] were derived and fur-
ther explain the implications of these relationships with respect
to electron density.

Specifically, the NeQuick topside scale height formulation
is mathematically studied to highlight some of its features. In
particular, we here expand the semi-Epstein layer formulation
around hmF2 through the Taylor series to explain the effect of
H0, r, and g parameters in the lower topside. The asymptotic
behavior at infinity is also presented. In this way, we aim to
complement the published literature about the NeQuick topside
formulation.

In addition, we show how it is possible to analytically invert
the semi-Epstein formulation (on which the NeQuick topside
is based) to derive the topside scale height as a function of
measured parameters. This new methodology has been applied
to a dataset of selected Constellation Observing System for
Meteorology, Ionosphere, and Climate (COSMIC) RO profiles
to calculate the topside scale height and then to model it by
considering a linear dependence on the altitude. The linear de-
pendence, validated against COSMIC topside profiles, is shown
to be appropriate to model the lower part of the topside but fails
to capture the behavior of the topside at high altitudes.

II. MATHEMATICAL DESCRIPTION OF THE NEQUICK

TOPSIDE MODEL

A. NeQuick Topside

Since the NeQuick model was designed to allow fast calcu-
lation of TEC up to global navigation satellite systems (GNSS)
heights, the topside was designed to allow a transition from the
altitude variation near the electron density peak to the plasma-
spheric one, without the inclusion of an additional transition
height model [20].

The NeQuick topside analytical formulation has evolved from
its original formulation [20] to the current NeQuick 2 version
[12], [14]. It now consists of a semi-Epstein layer describing the
topside electron density Ne as a function of the height h, starting

from the NmF2 value at the hmF2 height

Ne(h) = 4NmF2
exp

(
h−hmF2

H

)

[
1 + exp

(
h−hmF2

H

)]2 (1)

the electron density decrease with height is driven by a modeled
scale height H

H(h) = H0

[
1 +

rg (h− hmF2)

rH0 + g (h− hmF2)

]
. (2)

NeQuick describes the scale height as a function of three
empirically deduced parameters: H0, g, and r. H0 is the value
assumed by the scale height at the F2-layer peak height (H = H0

when h = hmF2), whereas g = 0.125 and r = 100 [12], [20].
r and g parameters have been empirically set to constant

values, whereas H0 is modeled as a function of the bottomside
thickness parameter, solar activity index, and other bottomside
parameters [12], [14]. In this way, the topside scale height (2)
is strongly coupled to the bottomside profile through the H0

formulation. However, in many cases, the topside ionosphere
exhibits different behavior when compared with the bottomside
one [29], [30], which means that modeling the topside region
through only bottomside parameters could lead to inaccurate
results.

B. NeQuick Topside Scale Height Behavior Near the
F2-Layer Peak

The behavior of the NeQuick topside scale height just above
the F2-layer peak can be studied by expanding it in a Taylor
series around hmF2.

Making the variable change z = h− hmF2, (2) can be writ-
ten as

H(z) = H0 + rgH0

(
z

rH0 + gz

)
. (3)

In (3), the only term dependent on the reduced height z is

f(z) =
z

rH0 + gz
(4)

f(z) is the term to be expanded in Taylor series around z = z0 = 0
(i.e., for h = hmF2).

In this way, the topside scale height is described by

H(z) � H0 + rgH0

∞∑

n=1

1

n!

∂nf(z0)

∂zn
(z − z0)

n (5)

where H0 represents the zeroth-order term.
The first four derivatives of f(z) are

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂f(z)
∂z = rH0

(rH0+gz)2

∂2f(z)
∂z2 = − 2rgH0

(rH0+gz)3

∂3f(z)
∂z3 = 6rg2H0

(rH0+gz)4

∂4f(z)
∂z4 = − 24rg3H0

(rH0+gz)5

. (6)

From (6), by mathematical induction, we deduce that

∂nf(z)

∂zn
= (−1)n−1 n!rgn−1H0

(rH0 + gz)n+1 . (7)
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Fig. 1. (a) Topside scale height dependence on the altitude near hmF2. (b) Corresponding asymptotic behavior at infinity. (c) Topside electron density profile
near hmF2. (d) Corresponding asymptotic behavior at infinity. Colors represent values obtained for different r values (r = 200, blue; r = 100, black; r = 50, red; r
= 10, green) with g and H0 kept constant to 0.125 and 50 km, respectively. In panels (c) and (d), foF2 = 8 MHz, that is NmF2≈ 7.94·1011el/m3, a typical daytime
value at midlatitudes for midsolar activity levels. The dashed lines in panel (a) represent the asymptotic behavior near hmF2 [see (11)], whereas dashed lines in
panel (b) represent the asymptotic behavior at infinity [see (14)]. In panel (d), tTEC values are calculated from hmF2 to the GNSS satellites altitude (20 200 km,
represented by a dotted horizontal line).

Substituting (7) into (5), we obtain

H(z) � H0 + rgH0

∞∑

n=1

(−1)n−1 rgn−1H0

(rH0 + gz0)
n+1 (z − z0)

n

(8)
and setting z0 = 0

H(z) � H0 + rgH0

∞∑

n=1

(−1)n−1 rgn−1H0

(rH0)
n+1 (z)

n

= H0 +

∞∑

n=1

(−1)n−1 gn

(rH0)
n−1 (z)

n. (9)

Redefining in (9) the index of the series as i = n− 1, and
coming back to the real height h, (9) becomes

H(h) � H0 +
∞∑

i=0

(−1)i
gi+1

(rH0)
i
(h− hmF2)i+1. (10)

Equation (10) describes how the topside scale height depends
on height just above hmF2.

By considering only the first-order approximation of (10) (i.e.,
for i = 0), we obtain

H(h) � H0 + g (h− hmF2) . (11)

Equation (11) shows that at the first-order of approxima-
tion, the topside scale height exhibits a linear dependence on
the reduced height, with H0 representing the intercept and g
the slope. This is coherent with the interpretation of Themens
et al. [29].

C. NeQuick Topside Scale Height Behavior as the Height
Approaches Infinity

The behavior of the NeQuick topside scale height as the height
approaches infinity can be easily studied through (3)

lim
z→∞H(z) = H0 + rgH0 lim

z→∞
z

rH0 + gz
. (12)

Equation (12) can be resolved by applying the de L’Hôpital’s
rule as follows:

lim
z→∞

z

rH0 + gz
= lim

z→∞

∂
∂z (z)

∂
∂z (rH0 + gz)

= lim
z→∞

1

g
=

1

g
. (13)

Substituting (13) into (12), we obtain

H(z) � H0 (1 + r) . (14)

Equation (14) shows that the parameter r of the NeQuick top-
side scale height formulation controls the asymptotic behavior of
the scale height. Themens et al. [29] followed the same approach
to express the asymptotic behavior of H at high altitudes.

D. Impact of r, g, and H0 on the Topside Profile Shape

In this section, we aim at visually showing how different
values of the parameters r, g, and H0 affect the topside profile
shape, both near the F2-layer peak and at altitudes approaching
infinity. For this purpose, we used (2).

In Fig. 1, we have kept constant g and H0 and varied r. Fig. 1(a)
and (b) shows the dependence of H on the reduced height z =
h− hmF2 (solid lines), for the first 1000 km above hmF2 and
very distant from hmF2 (virtually at infinity). Fig. 1(c) and (d)
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Fig. 2. Same as Fig. 1 but for different g values (g = 0.050, blue; g = 0.125, black; g = 0.250, red; g = 0.500, green) and keeping constant r and H0 to 100 and
50 km, respectively.

shows the dependence of the electron density on the reduced
height calculated by putting (2) in (1), near hmF2 and at infinity.
Fig. 1(a) and (c) shows that the r parameter has a marginal effect
on the topside profile near hmF2, whereas it has a major impact
on the topside profile at infinity, as depicted in Fig. 1(b) and
(d). In particular, the parameter r describes how rapidly Ne goes
to zero at infinity [see Fig. 1(d)]. The higher the value of r,
the higher H is at a fixed altitude [see Fig. 1(a) and (b)], and
correspondingly, the higher Ne is at a fixed altitude [see Fig.
1(c) and (d)], and the higher the topside total electron content
(tTEC) is.

The behavior of the topside NeQuick very far from the F2-
layer peak can be analyzed by studying (1) near infinity

lim
z→∞Ne(z) = lim

z→∞ 4NmF2
exp

(
z
H

)

[
1 + exp

(
z
H

)]2 . (15)

Equation (15) can be solved by applying the de L’Hôpital’s
rule as follows:

lim
z→∞ 4NmF2

exp
(

z
H

)

[
1 + exp

(
z
H

)]2

= 4NmF2 lim
z→∞

∂
∂z

[
exp

(
z
H

)]

∂
∂z

{[
1 + exp

(
z
H

)]2}

= 2NmF2 lim
z→∞

1

1 + exp
(

z
H

) . (16)

Obviously, (16) confirms that Ne goes to zero at infinity but,
more importantly, Ne decays like an exponential, representing a

radial diffusive equilibrium for a single ion species [31]

Ne(z → ∞) � 2NmF2 exp

(
− z

H (z → ∞)

)

� 2NmF2 exp

(
− z

H0 (1 + r)

)
. (17)

Equation (17) indicates that increasing the parameter r (with
H0 fixed), the electron density at infinity increases significantly
[see Fig. 1(d)].

By taking the logarithm in base 10 of (17), we get

log10Ne(z → ∞) � log102NmF2− 1

ln 10

z

H0 (1 + r)
. (18)

From (18), it is clear that the slope of log10Ne(z → ∞)shown
in Fig. 1(d) (apart from the constant factor 1/ ln 10) depends on
H0(1 + r) and, thus, on both the H0 and r parameters.

In Fig. 2 we have kept constant r and H0 and varied g. From
Fig. 2(a) and (c), we can see how the g parameter significantly
affects the topside profile near hmF2. In particular, the parameter
g describes the slope of H near hmF2, as described by (11). The
higher is the g value, the higher is H at a fixed altitude [see
Fig. 2(a) and (b)], and then the higher is Ne at a fixed altitude
[see Fig. 2(c) and (d)]. From Fig. 2(d), we can see that g does
not affect the slope of Ne at high altitudes when represented in
a logarithmic scale, as described by (18).

In Fig. 3, we have kept constant g and r and varied H0.
From Fig. 3(a) and (c), we can see how the H0 parameter has a
significant impact on the topside profile both near hmF2 [as
depicted in Fig. 3(a) and (c)] and at infinity [as depicted in
Fig. 3(b) and (d)]. In particular, the parameter H0 represents the
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Fig. 3. Same as Fig. 1 but for different H0 values (H0 = 25 km, blue; H0 = 50 km, black; H0 = 75 km, red; H0 = 100 km, green) and keeping constant g and r
to 0.125 and 100, respectively.

intercept of H at hmF2, and considering (11) and (14), it affects
the overall topside profile shape. The higher the H0 value, the
higher H is at a fixed altitude [see Fig. 3(a) and (b)], and then
the higher Ne is at a fixed altitude [see Fig. 3(c) and d)].

Since the parameter H0 affects both the topside behavior near
hmF2 (like the g parameter) and at infinity (like the r parameter)
one should pay particular attention to its modeling. This is why
the update of NeQuick model [12], [14] and its recent correction
(NeQuick-corr [26]) focus on both the modeling of H0.

III. TOPSIDE MODELING THROUGH COSMIC/FORMOSAT-3
RO DATA

A. COSMIC/FORMOSAT-3 RO Dataset Selection

COSMIC/FORMOSAT-3 is a constellation made up of six
microsatellites launched on April 15, 2006 into a circular orbit
(with 72° of inclination) at about 800 km altitude and a sepa-
ration angle of 30° in longitude between neighboring satellites
[32]. The mission is a collaborative project between the National
Space Organization in Taiwan and the University Corporation
for Atmospheric Research in the United States. Each satellite
carries a global positioning system (GPS) RO receiver capable of
measuring the phase delay of radio waves from GPS satellites as
they are occulted by the Earth’s atmosphere and thus providing
an accurate determination of the ionospheric vertical electron
density profile [33], [34].

The calculation of the topside scale height requires very
reliable topside profiles. In order to perform our investigation
using topside RO profiles under the best possible colocation
conditions with corresponding ionosondes, in space and time,

we have compiled a very reliable dataset by selecting RO COS-
MIC profiles collocated (within 1° in latitude and longitude)
and simultaneous (within 7.5 min) with ionosonde measured
profiles for which both NmF2COSMIC ≈ NmF2Ionosonde and
hmF2COSMIC ≈ hmF2Ionosonde matched within 5%. Ionosonde
data used in this study were downloaded from the Digital
Ionogram DataBASE by means of the SAO Explorer software
developed by the University of Massachusetts, Lowell [35]. To
maximize the accuracy, only manually scaled ionograms were
used to obtain the electron density profiles.

In standard RO data inversion, the inversion error is system-
atically accumulated from the top of the RO inverted profile to
the bottom; thus, when NmF2COSMIC matches NmF2Ionosonde,
it is expected that the full topside of the RO profile is correctly
estimated [36].

According to these constraints, we were able to select 382
profiles over selected ionosonde stations (see Table I), from
2006 to 2015. The spatial distribution and the number of
selected COSMIC profiles are provided in the bubbleplot of
Fig. 4.

B. Calculation of the Topside Scale Height Through
COSMIC/FORMOSAT-3 RO Profiles

For each of the 382 selected RO profiles, only the topside part
is considered, namely from hmF2 to the altitude of the COSMIC
satellite (between 700 and 800 km, depending on the geometry
of the RO path). Because RO-derived topside electron density
values are unevenly distributed with height, they were linearly
interpolated to obtain profiles with a 1-km step in height.
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TABLE I
IONOSONDE STATIONS COLLOCATED WITH COSMIC RO PROFILES

Note. The geographical location (geographic latitude and longitude) and the magnetic
location (quasi-dipole magnetic latitude at 350 km of altitude [37]), along with the
number of selected profiles, are shown.

To calculate topside scale height values, the Epstein function
(1) is analytically inverted as follows:

Ne(h) = 4NmF2
exp

(
h−hmF2

H

)

[
1 + exp

(
h−hmF2

H

)]2

⇒ Ne(h)

4NmF2
=

exp
(
h−hmF2

H

)

[
1 + exp

(
h−hmF2

H

)]2 . (19)

by making the following variables change

{
t = exp

(
h−hmF2

H

)

α = Ne(h)
4NmF2

. (20)

Fig. 4. Bubbleplot representing the spatial distribution and the number of
selected COSMIC RO profiles according to Table I. Red dotted lines represent
quasi-dipole magnetic latitude isolines.

Equation (19) becomes

α =
t

1 + 2t+ t2
⇒ αt2 + (2α− 1) t+ α = 0. (21)

Equation (21) is a quadratic equation in the variable t that can
be easily solved to obtain the following two solutions:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

t1(h) =
1

Ne(h)

[
(2NmF2−Ne(h))

+ 2
√

NmF22 −Ne(h) ·NmF2
]

t2(h) =
1

Ne(h)

[
(2NmF2−Ne(h))

− 2
√

NmF22 −Ne(h) ·NmF2
]

. (22)

Inverting t from (20) to obtain the scale height H, we
get

H1,2(h) =
h− hmF2

ln [t1,2(h)]
. (23)

Analytically, two solutions for H are possible: the one cor-
responding to t1, and the other one corresponding to t2. It
can be easily verified from (22) that t1 ≥ 1 and 0 ≤ t2 ≤ 1
in the topside (where Ne(h) ≤ NmF2); by putting t1 and t2 in
(23), we can verify that in the topside (where h ≥ hmF2) H1 ≥
0 and H2 ≤ 0, despite being equal in magnitude ‖H1‖ = ‖H2‖.
Even though both are solutions mathematically acceptable, be-
cause the semi-Epstein function (1) is even (thus symmetric)
with respect to h-hmF2, we reject t2 because it produces negative
values of H.

Thus, the topside scale height that will be used in this work
is the one corresponding to t1, which for simplicity we name
HEpstein from now on, as follows:

HEpstein(h) =
h− hmF2

ln{ 1
Ne(h)

[(2NmF2−Ne(h))

+ 2
√

NmF22 −Ne(h) ·NmF2]}

. (24)

By applying (24), it is possible to calculate the topside scale
height for each height h by using measured Ne(h), NmF2, and
hmF2 values. An example of this procedure applied to COSMIC-
derived parameters is shown in Fig. 5. Blue points in the bottom
panel of Fig. 5 are topside scale height values HEpstein calculated
by applying (24) to COSMIC measured electron density values,
shown as blue points in the top panel of Fig. 5.
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Fig. 5. (Top panel) Topside electron density values (blue points) measured
by COSMIC and (red line) modeled by using the topside scale height HLinear,
as defined in the bottom panel. (Bottom panel) Topside scale height values
(HEpstein, blue points) obtained from the COSMIC measured profile shown
in the top panel, and corresponding modeling through a linear fit (HLinear,
red line). The COSMIC profile is the one measured on September 11, 2010 at
16:16:24 universal time (UT) at Lat = 33.44°N and Lon = 30.24°E.

Looking at calculated HEpstein values, a clear linear depen-
dence with height can be seen. We verified that such linear
behavior is a feature shared by most of the selected COSMIC
RO profiles used in this study; further studies are underway to
verify whether this is a definite feature of the topside ionosphere,
at least for the altitudinal range probed by COSMIC satellites.
This is why a linear fit of calculated HEpstein(h) values has been
performed for the altitudinal range [hmF2+50; hCOSMIC−20]
km. The first 50 km above hmF2 were discarded because in some
cases the Epstein formulation (1) is not able to properly repro-
duce the F2-layer curvature near the peak. The last 20 km below
the COSMIC height (hCOSMIC) were instead not considered to
avoid errors that could arise due to the geometric configuration
of ray-paths nearly parallel to the satellite movement.

The fitted topside scale height obtained with this procedure is

HLinear(z) =
∂HLinear

∂z
z +H0,Linear (25)

where z = h− hmF2 and

H0,Linear = HLinear(z = 0) = HLinear(h = hmF2). (26)

Equation (25) describes the modeled topside scale height
HLinear dependence on the reduced height z obtained through
the linear fit procedure applied on calculated HEpstein(h) values.

The linear fit procedure outputs the slope and the intercept of
HLinear(z). The slope ∂HLinear

∂z represents the gradient of the
modeled topside scale height, whereas the intercept H0, Linear

represents the value of HLinear when h = hmF2.
By comparing (11) and (25), we obtain

{
g ≡ ∂H

∂z

H0 ≡ H0,Linear

. (27)

An example of the linear fit performed on HEpstein(h) values
is shown at the bottom panel of Fig. 5. Modeled topside electron
density values are calculated by inserting in (1) HLinear values
in place of H and are represented by the red curve in the top
panel of Fig. 5. The comparison between electron density values
measured by COSMIC and those modeled by using HLinear

testifies that it is possible to accurately reproduce the ionospheric
topside electron density profile by using a semi-Epstein layer
with a scale height linearly dependent on height, at least from
hmF2 to about 800 km of height. This largely agrees with
previous works using a Chapman function with height-varying
scale height [2], [38]–[40].

The interested reader can find plots for each selected RO
profile (like the one in Fig. 5), used in the following statistical
analysis, in the Supplementary Material.

IV. RESULTS AND DISCUSSION

A. Statistical Validation of the Topside Scale Height Linear
Approximation

For each of the selected COSMIC RO profiles, tTEC is
calculated by integrating topside electron density values from
hmF2 to the satellite height as follows:

tTECmeasured =

∫ hCOSMIC

hmF2

Ne,COSMICdh. (28)

Moreover, each topside RO profile provides measured values
of NmF2 and hmF2 that are used to model the topside pro-
file through (1) with HLinear values obtained applying (25) to
HEpstein values calculated through (24) for the considered RO
profile, as described in Section III-B.

tTEC modeled values are then calculated as follows:

tTECmodeled =

∫ hCOSMIC

hmF2

Ne,Epstein Lineardh. (29)

Then, tTEC root mean square error (RMSE) and normalized
RMSE (NRMSE) values were calculated, expressed in TECU
(1 TECU = 1016el/m2) and in percentage, for the entire selected
COSMIC dataset

RMSE[TECU]

=

√
∑N

i=1 (tTECmodeled,i − tTECmeasured,i)
2

N
(30)

NRMSE[%]

=

√√
√
√

∑N
i=1

(
tTECmodeled,i−tTECmeasured,i

tTECmeasured,i
· 100

)2

N
(31)
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Fig. 6. (a) Histogram of residuals between tTEC values modeled by the Epstein Linear formulation and COSMIC measured ones. (b) Scatter plot of tTEC values
modeled by the Epstein Linear formulation and COSMIC measured ones. Red line represents the best linear fit line. (c) Density plot of residuals percentage between
modeled (by Epstein Linear) and measured (by COSMIC) electron density values as a function of the reduced height.

where N = 382 and runs on the selected COSMIC profiles.
We obtained the following statistical values: RMSE = 0.070

TECU and NRMSE = 1.389% using all 382 COSMIC profiles.
Fig. 6(a) and (b) shows, respectively, the histogram of resid-

uals between topside tTEC values modeled through the Epstein
Linear formulation and COSMIC measured ones and a scatter
plot of the modeled and measured tTEC values. Fig. 6(a) shows
that the distribution of residuals is well peaked around zero
(residuals mean = 0.050 TECU) with a very low dispersion
(residuals standard deviation = 0.056 TECU). Similar consid-
erations can be drawn from the scatter plot that exhibits a one-to-
one dependence between measured and modeled tTEC values
(slope = 1.001, intercept = 0.044 TECU, Pearson correlation
coefficient = 1.0).

Statistics on tTEC values gives an overall picture of per-
formance for the whole topside profile; however, it is also
interesting to show how residuals of the electron density are
distributed as a function of height. Fig. 6(c) presents a density
plot of percentage residuals between modeled (Ne,Epstein Linear)
and measured (Ne,COSMIC) electron density values as a function
of the reduced height z, which is calculated as follows:

Electron density relative error (z)[%]

=
Ne,Epstein Linear(z)−Ne,COSMIC(z)

Ne,COSMIC(z)
· 100 (32)

this figure shows that most of the percentage error lies within
5% for the whole topside profile probed by COSMIC satellites.

B. Some Caveats of the Applied Methodology

The case shown in Fig. 5 represents a very good example,
exhibiting a good linear dependence of the topside scale height
on height for the entire COSMIC topside profile; however, there
are some cases, characterized by slight departures from the linear
behavior, that need to be highlighted.

Fig. 7(a) refers to a COSMIC RO profile measured near the
equator (geographical latitude = 2.38°S, quasi-dipole magnetic
latitude = 0.90°S) at 14:00 local time (LT). From Fig. 7(b), it is
clear how the topside scale height calculated through the linear
approximation (25) cannot properly reproduce the scale height
behavior just above hmF2, causing an error in the estimation
of H0. A similar behavior is also exhibited by the profile of
Fig. 7(c), measured at high latitudes (geographical latitude =
65.19°N, quasi-dipole magnetic latitude = 64.84°N) at 10:00
LT. In this case, Fig. 7(d) shows very good linear behavior
between 300 and 700 km of height and an evident departure
from it above (probably due to artifacts), which produces an
error in the estimation of the scale height gradient and inter-
cept. Most of the cases for which the calculated topside scale
height exhibits a slight departure from the linear trend concern
COSMIC profiles retrieved at low latitudes. This is probably
due to the assumption of spherical symmetry made by the Abel
inversion procedure used to obtain COSMIC electron density
profiles. Indeed, this hypothesis is hardly satisfied in the equato-
rial ionization anomaly region, where strong horizontal electron
density gradients arise, and then causing errors in the retrieving
procedure [41]–[43].
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Fig. 7. Same as Fig. 5 but (a) and (b) for the COSMIC profile measured on June 24, 2006 at 17:14:12 UT at Lat = 2.38°S and Lon = 45.43°W and (c) and (d)
for the COSMIC profile measured on July 12, 2007 at 20:09:19 UT at Lat = 64.84° S and Lon = 96.76° W.

C. Up To What Altitude Can the Linear Approximation of the
Topside Scale Height Be Considered Appropriate?

In Section IV-A, we have demonstrated that by considering
only the first-order term in the Taylor expansion of the topside
scale height as modeled by NeQuick (i.e., considering a linear
dependence on the altitude), it is possible to reliably reproduce
the topside profile as recorded by COSMIC satellites. However,
it is still an open question up to what altitude above hmF2 the
linear approximation of the topside scale height is reasonable.
Obviously, relationship (10) has been derived by expanding the
NeQuick topside scale height around hmF2, so the accuracy of
the Taylor expansion decreases getting away from hmF2 and we
need to add terms of higher-order to better represent the scale
height behavior away from hmF2.

Prol et al. [39] demonstrated that for a Chapman function,
the scale height can also be taken as largely linear in the height
range available to COSMIC RO profiles; however, they also
demonstrated that there exists a significant departure from this
behavior at higher altitudes (above 1000 km), where the scale
height exhibits asymptotic behavior, similar to what we would
expect from the NeQuick’s topside scale height parameteriza-
tion. It should thus be no surprise that the semi-Epstein layer

of the NeQuick model would similarly exhibit shortcomings
at high altitudes when used in the linear regime. It is to the
NeQuick’s credit that such behavior is modeled by their scale
height parameterization, albeit with a suboptimal choice of r and
g parameters [29], due to the limited amount of topside electron
density profiles available at the time the model was developed.

To provide a first answer to this question, on the left panel of
Fig. 8, we have plotted the NeQuick topside scale height obtained
through the relationship (2), along with the first four-order
terms obtained through the relationship (10). Corresponding
electron density values are plotted in the right panel. For each
formulation, the following parameters have been considered:
H0 = 40 km, g = 0.2024, r = 20, and foF2 = 8 MHz (that is
NmF2 ≈ 7.94·1011el/m3). Specifically, r and g values are those
calculated by Themens et al. [29]. Fig. 8 points out that the linear
approximation can reliably reproduce the NeQuick behavior up
to 300 km above hmF2. Note that these results depend on the
choice of all H0, r, and g parameters. For example, considering
g = 0.125 and r = 100, as in the NeQuick model, and again
H0 = 40 km, the linear approximation is very good up to about
1000 km above hmF2. Indeed higher-order terms are necessary
to accommodate the curvature of the topside scale height as
modeled by NeQuick. In this case, adding terms up to the fourth
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Fig. 8. (Left panel) Topside scale height dependence on altitude near hmF2 as modeled by NeQuick through (black line) the relationship (2) and as derived from
the Taylor expansion (10) by considering the first-order term (red line), the second-order term (blue line), the third-order term (green line), and the fourth-order term
(magenta line). (Right panel) Electron density values calculated by using the topside scale heights of the left panel. The following values have been considered:
H0 = 40 km, g = 0.2024, r = 20, and foF2 = 8 MHz, that is NmF2 ≈ 7.94·1011 el/m3.

order, the topside scale height is well reproduced at least up to
1500 km above hmF2.

Finally, we can say that for r and g values provided by
Themens et al. [29] and by setting H0 = 40 km, the linear
approximation of the topside scale height can reliably reproduce
the topside profile for the altitudes probed by COSMIC satel-
lites, from hmF2 to, on average, 300 to 500 km above hmF2.
Nevertheless, if we want to extrapolate the topside scale height
behavior at higher altitudes, the use of the full NeQuick topside
scale height formulation (2) is necessary because it implicitly
contains the higher order terms also. Here, we only aimed to
demonstrate that the linear approximation of the topside scale
height cannot be used to represent the entire topside profile but,
at the same time, it can be applied if the focus is to obtain a good
representation of the lower topside region.

V. CONCLUSION

In this article, the NeQuick topside formulation has been
studied in depth to illustrate how the H0, r, and g parame-
ters affect the topside scale height formulation and the whole
NeQuick topside electron density description. In addition, a
fully analytical formulation of the topside scale height, derived
by inverting the NeQuick semi-Epstein formulation, has been
applied to selected COSMIC RO profiles.

We have highlighted how the H0 parameter is the most im-
portant one because it affects the entire topside profile, from
hmF2 to infinity. This is the reason why many efforts focused
on this parameter when trying to improve the NeQuick topside
formulation [14], [26], [29]. It has been demonstrated how the g
parameter affects the topside scale height behavior especially in

the lowest topside region. By considering a selected dataset made
by 382 COSMIC RO profiles, H0 and g values have been derived
through a linear fit of retrieved topside scale height values, as
the corresponding intercepts and slopes; this approach allows
us to get very reliable H0 and g values from COSMIC (or other
missions’) RO profiles and also from ISR topside profiles.

When considering only the lowest topside region (from hmF2
to about 800 km of altitude), this study showed that the linear ap-
proximation of the topside scale height, embedded in NeQuick,
is very reliable. However, to describe the entire topside profile
the use of higher order terms is essential. With regard to this
issue, in the NeQuick model, the topside behavior for altitudes
well above hmF2 is taken into account through the inclusion
of the r parameter. However, retrieving information on the r
parameter from COSMIC RO profiles is not feasible because
higher order terms have a very little importance at COSMIC
probed altitudes.

This article, studying in depth some features of the NeQuick
topside formulation, complements the existing literature about
the model and consequently it is considered beneficial for
NeQuick and IRI users interested in the topside modeling.
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